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THE STRAUSS CONJECTURE ON KERR BLACK HOLE
BACKGROUNDS
HANS LINDBLAD, JASON METCALFE, CHRISTOPHER D. SOGGE, MIHAI TOHANEANU,
AND CHENGBO WANG
Abstract. We examine solutions to semilinear wave equations on black hole back-
grounds and give a proof of an analog of the Strauss conjecture on the Schwarzschild
and Kerr, with small angular momentum, black hole backgrounds. The key estimates
are a class of weighted Strichartz estimates, which are used near infinity where the
metrics can be viewed as small perturbations of the Minkowski metric, and a local-
ized energy estimate on the black hole background, which handles the behavior in
the remaining compact set.
1. Introduction
In this article, we study an analog of the Strauss conjecture on the Schwarzschild
and Kerr, with small angular momentum, black hole backgrounds. In particular, we
establish the global existence of solutions to a class of semilinear wave equations with
power-type nonlinearities with power greater than a certain critical power. This critical
power, 1 +
√
2, is the same as that on (1 + 3)-dimensional Minkowski space.
More specifically, we will consider the evolution of the nonlinear waves on Kerr black
hole backgrounds,
(1.1) Ku = Fp(u), u|v˜=0 = f, T˜ u|v˜=0 = g .
Here K denotes the d’Alembertian in the Kerr metric, and T˜ is a smooth, everywhere
timelike vector field that equals ∂t away from the black hole. Similarly, the coordinate
v˜ is chosen so that the slice v˜ = 0 is space-like and so that v˜ = t away from the black
hole. A more detailed description of the Kerr geometry is provided in the next section.
We shall assume that the nonlinear term behaves like |u|p when u is small:
(1.2)
∑
0≤j≤2
|u|j|∂juFp(u)| . |u|p for |u| ≪ 1 .
Typical examples include Fp(u) = ±|u|p and ±|u|p−1u.
The Strauss conjecture concerned the Minkowski case and determining the values p for
which global existence could be guaranteed if the initial data are sufficiently small. The
first work [29] showed that small data global existence was available in (1+3)-dimensional
2010 Mathematics Subject Classification. 35L05, 35L70, 35B40.
The first three authors were supported in part by the NSF.
The fifth author was supported by Zhejiang Provincial Natural Science Foundation of China
LR12A01002, the Fundamental Research Funds for the Central Universities, NSFC 11271322 and
J1210038.
1
2 LINDBLAD, METCALFE, SOGGE, TOHANEANU, AND WANG
Minkowski space-time for powers p > 1+
√
2 but blow-up could occur for arbitrarily small
data when p < 1 +
√
2. Shortly afterward, [53] included the conjecture that the critical
power pc on Minkowski space-time R
n+1 is the positive root of the quadratic equation
(n− 1)p2 − (n+ 1)p− 2 = 0 .
The existence portion of the conjecture was verified in [23] (n = 2), [62] (n = 4), [34]
(n ≤ 8), and [22], [54] (generic n). The necessity of p > pc for small data global existence
is from [29], [24], [46], [45], [60], and [63].
Some recent works have sought to extend these results to scenarios that include non-
trivial background geometry. These include [20] (n = 4), [27] (n = 3, 4), and [48] (n = 2),
which examine global existence for similar equations exterior to nontrapping obstacles.
See also [61] (n = 3, 4) for related results with certain trapping obstacles. In the case
of nontrapping aymptotically Euclidean manifolds the same results were obtained in [50]
(radial metrics, n = 3) and [58] (general metrics n = 3, 4).
We seek to show the same on Kerr black hole backgrounds with small angular momen-
tum. In particular, we have
Theorem 1.1. For Kerr space-times with sufficiently small angular momentum and for
initial data which are smooth, compactly supported, and sufficiently small, there exists a
global solution u to (1.1) provided that p > 1 +
√
2.
A more precisely stated theorem will be provided in Section 4 after more notation is
introduced. In fact, our theorem holds more generally than we state. The proof does
not rely on the precise geometry of the Kerr space-time and rather only depends on
having a metric which is asymptotically Euclidean and for which there is a sufficiently
nice localized energy estimate. The latter will be described further in the next section.
On the Schwarzschild space-times, such nonlinear wave equations have been previously
studied for large powers. In particular, see [4] and [43] for related Klein-Gordon equations,
[14] (p > 4 with radial data), [8] (p > 3), and [35] (p = 5), though well-known arguments
(see, e.g., [49]) allow one to use Strichartz estimates, such as those proved in [35], to
prove small data global existence for other p > 3. While no such explicit results have
been previously given on Kerr backgrounds, the key estimates are known in some cases.
For example, [57] provides Strichartz estimates in the case that the angular momentum
is small. In the opposite direction, [12] provides blow-up for p < 1 +
√
2. The current
result fills in the gap 1 +
√
2 < p < 3.
The strategy of proof is to use the weighted Strichartz estimates of [21] and [27] (see
also [26] for a radial version, which appeared previously) near infinity where the Kerr
metric can be viewed as a small perturbation of the Minkowski metric. See [49] and
[59] for more details on the history. In the compact set that remains, localized energy
estimates suffice. We rely on the localized energy estimates of [55], though other variants
of these are available as will be described in the following section.
In the case of the Kerr metric our proof requires that the initial data have compact
support. However, as we shall see in Section 5, we are able to drop this technical assump-
tion in the special case of the Schwarzschild metric. It will be interesting to see whether
such results hold for the Kerr metric as well.
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For convenience and to ease the exposition, we have taken data on a v˜ = 0 slice.
Passing from data on t = 0 to data on v˜ = 0 is a problem of local well-posedness, which
can be solved by contraction in energy spaces. We omit these details, though a related
argument, which requires Strichartz estimates, can be found in [35].
1.1. Notation. The relevant sets of vector fields we shall use are as follows
{∂t,∇x} = {∂}, Ω = x ∧ ∇x ,
Y = {∇x,Ω}, Z = {∂,Ω} = {∂t} ∪ Y .
Let 〈x〉 =
√
1 + |x|2 and Lqω be the standard Lebesgue space on the sphere S2. We will
use the following mixed-norm Lq1v˜ L
q2
r L
q3
ω ,
‖f‖Lq1v˜ Lq2r Lq3ω (M) =
∥∥∥∥∥
(∫ ∞
re
‖f(v˜, rω)‖q2
L
q3
ω
r2dr
)1/q2∥∥∥∥∥
Lq1({v˜≥0})
,
with trivial modification for the case q2 =∞. Occasionally, we will omit the subscripts.
We will also use A . B to denote the inequality A ≤ CB with some positive constant C,
which may change from line to line. We also use the following convention (for invertible
functions f and function spaces H)
g ∈ fH ⇔ f−1g ∈ H .
Let us also recall some notations from [5, Section 5.6]. Let A be a Banach space, s ∈ R
and q > 0, we use lsq(A) to denote the space of all sequences (aj)
∞
j=0, aj ∈ A such that
‖(aj)‖lsq(A) = ‖2js‖aj‖A‖lqj≥0 <∞ .
For a partition of unity subordinate to the dyadic (spatial) annuli, 1 =
∑
j≥0 φ
2
j (x), we
shall abuse notation and write
‖u‖lsq(A) = ‖(φj(x)u(t, x))‖lsq(A).
2. The Kerr metric and localized energy estimates
Let us first recall the Kerr metric. In Boyer-Lindquist coordinates, it is given by
ds2 = gtt dt
2 + gtφ dt dφ + grr dr
2 + gφφ dφ
2 + gθθ dθ
2
where t ∈ R, r > 0, (φ, θ) are the spherical coordinates on S2 and
gtt = −∆− a
2 sin2 θ
ρ2
, gtφ = −2a2Mr sin
2 θ
ρ2
, grr =
ρ2
∆
,
gφφ =
(r2 + a2)2 − a2∆sin2 θ
ρ2
sin2 θ, gθθ = ρ
2
with
∆ = r2 − 2Mr + a2, ρ2 = r2 + a2 cos2 θ.
Here M represents the mass of the black hole and aM its angular momentum. The
Schwarzschild space-time is the static solution corresponding to a = 0. And the Minkowski
space-time is the trivial solution to Einstein’s equations for which we have a = 0 and
M = 0.
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For convenience, we record that
dVol = ρ2 sin θ dr dθ dφ dt = ρ2 dr dω dt
where ω is the standard measure on S2. Moreover, the inverse of the metric is given by:
gtt = − (r
2 + a2)2 − a2∆sin2 θ
ρ2∆
, gtφ = −a2Mr
ρ2∆
, grr =
∆
ρ2
,
gφφ =
∆− a2 sin2 θ
ρ2∆sin2 θ
, gθθ =
1
ρ2
.
One can viewM as a scaling parameter, and a scales in the same way asM . ThusM/a
is a dimensionless parameter. We shall subsequently assume that a is small, a/M ≪ 1,
so that the Kerr metric is a small perturbation of the Schwarzschild metric. Provided
M 6= 0, one could set M = 1 by scaling, but we prefer to keep M in our formulas. We
let gS , gK denote the Schwarzschild, respectively Kerr, metric, and S , K denote the
associated d’Alembertians, where the (scalar) d’Alembertian is given by  = ∇γ∂γ with
∇ denoting the metric connection.
The Kerr metric has a singularity at r = 0 on the equator θ = π/2. The apparent
singularities at the roots of ∆, namely at the horizons r = r± := M ±
√
M2 − a2, are
merely coordinate singularities. For a further discussion of the nature of r±, which is not
relevant for our results, we refer the reader to, e.g., [13],[25].
To remove the coordinate singularities at r = r±, we may introduce Eddington-
Finkelstein coordinates. See, e.g., [25]. To do so, we let r∗, v+, and φ+ solve
dr∗ = (r2 + a2)∆−1dr, dv+ = dt+ dr
∗, dφ+ = dφ+ a∆
−1dr.
The metric then takes the form
ds2 = −
(
1− 2Mr
ρ2
)
dv2+ + 2 dr dv+ − 4aρ−2Mr sin2 θ dv+ dφ+ − 2a sin2 θ dr dφ+
+ ρ2dθ2 + ρ−2
[
(r2 + a2)2 −∆a2 sin2 θ
]
sin2 θ dφ2+,
which is nondegenerate up to the metric singularity at ρ = 0.
For our purposes, the Boyer-Lindquist coordinates are convenient at spatial infinity but
not near the event horizon, while the Eddington-Finkelstein coordinates are convenient
near the event horizon but not at spatial infinity. To combine the two we replace the
(t, φ) coordinates with (v˜, φ+), as in [35] and [55], by defining
v˜ = v+ − µ(r)
where µ is a smooth function of r. In these (v˜, r, φ+, θ) coordinates the metric has the
form
ds2 =
(
1− 2Mr
ρ2
)
dv˜2 + 2
(
1−
(
1− 2Mr
ρ2
)
µ′(r)
)
dv˜ dr − 4aρ−2Mr sin2 θ dv˜ dφ+
+
(
2µ′(r) −
(
1− 2Mr
ρ2
)
(µ′(r))2
)
dr2 − 2aθ
(
1 + 2ρ−2Mrµ′(r)
)
sin2 θ dr dφ+ + ρ
2 dθ2
+ ρ−2
[
(r2 + a2)2 −∆a2 sin2 θ
]
sin2 θ dφ2+.
The function µ is selected to satisfy:
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(i) µ(r) ≥ r∗ for r > 2M , with equality for r > 5M/2.
(ii) The surfaces v˜ = const are space-like, i.e.
µ′(r) > 0, 2− (1− 2Mr
ρ2
)µ′(r) > 0.
For re fixed satisfying r− < re < r+, we shall consider the wave equation
(2.1) Ku = F, u|Σ− = f, T˜ u|Σ− = g ,
inM = {v˜ ≥ 0, r ≥ re} and with initial data on the space like surface Σ− =M∩{v˜ = 0}.
The choice of re is unimportant, and for convenience we may simply use re = M for all
Kerr metrics with a/M ≪ 1.
We use 6∇ to denote the angular derivatives 6∇i = ∂i − x
i
r ∂r, where x = rω is under-
stood. We set
E[u](Σ−) =
∫
Σ−
(|∂ru|2 + |∂v˜u|2 + |6∇u|2) r2 dr dω
to be the initial energy. More generally, we use
E[u](v˜0) =
∫
M∩{v˜=v˜0}
(|∂ru|2 + |∂v˜u|2 + |6∇u|2) r2 dr dω
to denote the energy on the space-like slice v˜ = constant. In particular, E[u](Σ−) =
E[u](0).
In Minkowski space, the localized energy estimate for the wave equation states that
‖∂u‖
l
−1/2
∞ (L2tL
2
x)∩L
∞
t L
2
x
+ ‖u‖
l
−3/2
∞ (L2tL
2
x)
. ‖∂u(0, · )‖L2x + ‖u‖l1/21 (L2tL2x)+L1tL2x .
Such estimates first appeared in [40, 41, 42] and subsequently in, e.g., [52], [32], [47],
[30, 31], [11], [36, 37], [51], and [28]. Such estimates are known to be fairly robust and
variants were proved in [1], [36, 37], [38], [10], [9], and [50] for various nontrapping metric
perturbations. The most basic proof of the estimate above involves integratingu against
f(r)∂ru+
n−1
2
f(r)
r u, where f(r) = r/(r + 2
j) and integrating by parts.
The above proofs implicitly rely heavily on the fact that all null geodesics escape to
infinity. In the case that there are trapped rays, it is known [44] that a loss is necessary
in order to have a variant of the localized energy estimate.
Members of the Kerr family of black holes contain trapped rays. This is easiest to
describe in the Schwarzschild case where trapping occurs on the event horizon r = 2M
and on the so-called photon sphere r = 3M . Utilizing the red shift effect as in [16] renders
the trapping at r = 2M inconsequential. The known localized energy estimates on the
Schwarzschild space-time [6, 7], [8], [15, 16], and [35] reflect a loss at the photon sphere.
These can be proved by choosing a related multiplier where the f is more complicated
and switches sign at the photon sphere.
The trapping on the Kerr space-times is more delicate and can only be described in
phase-space, though it does occur within an O(a) neighborhood of r = 3M . See, e.g.,
[55]. Since the region containing trapped rays cannot be described only in physical space,
it is provable [2] that no first order differential multipler, as used above, can yield such
a localized energy estimate. Despite this, there have been three related but distinct
approaches that have yielded localized energy estimates on Kerr backgrounds with small
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angular momentum. See [3], [17], and [55]. See, also, [18, 19] for the subextremal case
|a| < M .
The approach that we shall follow is that of [55]. We define our localized energy norm
as
(2.2) ‖u‖LE = ‖(1− χ˜)∇u‖l−1/2∞ (L2v˜,r,ω) + ‖u‖l−3/2∞ (L2v˜,r,ω)
where χ˜ = χ˜(r) is a smooth radial cut off function supported in [2.5M, 3.5M ] and is
identity in a neighborhood containing all of the trapped rays. It is this degeneracy of the
norm that represents the loss due to the trapping.
We then have the following
Lemma 2.1. Suppose a ≪ M . Let u solves the inhomogeneous wave equation Ku =
F1 + F2 in the region M where F2 is supported in {r ≥ 3.5M}. Then we have
(2.3) sup
v˜≥0
E[u](v˜) + ‖u‖2LE . E[u](Σ−) + ‖F1‖2L1v˜L2r,ω + ‖F2‖
2
l
1/2
1 (L
2
v˜,r,ω)
.
This is an easy corollary of [55, Theorem 4.1]. Indeed, the norm ‖ · ‖LE1K defined
therein satisfies
‖u‖LE . ‖u‖LE1K
and, under the support conditions on F2,
‖F2‖l1/21 (L2v˜,r,ω) & ‖F2‖LE∗K ,
where the latter is defined in [55]. Moreover, the control of F1 follows by bootstrapping
[55, (4.14)] using the energy term rather than the localized energy norm.
We also have the following higher order version of (2.3), which similarly follows from
[55, Theorem 4.5].
Corollary 2.2. Let n be a positive integer, and suppose that u solves the inhomogeneous
wave equation Ku = F1 + F2 in the region M where F2 is supported in {r ≥ 3.5M}.
Then we have
(2.4) sup
v˜≥0
∑
|α|≤n
E[∂αu](v˜) +
∑
|α|≤n
‖∂αu‖2LE
. ‖u(0, · )‖2
Hn+1x
+ ‖T˜u(0, · )‖2Hnx +
∑
|α|≤n
‖∂αF1‖2L1v˜L2r,ω +
∑
|α|≤n
‖∂αF2‖2l1/21 (L2v˜,r,ω).
3. Weighted Strichartz estimates
In this section, we collect the required Sobolev-type and weighted Strichartz estimates.
3.1. Weighted Sobolev estimates. In the sequel, we shall require the following weighted
Sobolev estimates. These are straightforward variants of those that appeared in, e.g., [33].
Lemma 3.1. For R ≥ 10, 2 ≤ p <∞, and any b ∈ R, we have
(3.1) ‖rbv‖
L
2p(p−1)
p−2
r L∞ω (r≥R+1)
.
∑
|γ|≤2
‖rb− 1p−1Y γv‖LprL2ω(r≥R),
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(3.2) ‖rbv‖L4x(|x|≥R+1) .
∑
|γ|≤1
‖rb+ 12− 2pY γv‖LprL2ω(r≥R), p ≤ 4,
and
(3.3) ‖rbv‖L∞x (|x|≥R+1) .
∑
|γ|≤2
‖rb− 2pY γv‖LprL2ω(r≥R).
Proof. By Sobolev’s lemma on R× S2, we have for each j ∈ N the uniform bounds
‖v‖L∞r L∞ω ([j,j+1]×S2) .
∑
|γ|≤2
(∫ j+2
j−1
∫
S2
|Y γv|2 dωdr
) 1
2
.
Hence,
(3.4) ‖v‖L∞r ([j,j+1])L∞ω . j−1
∑
|γ|≤2
‖Y γv‖L2r([j−1,j+2])L2ω .
Or more generally,
‖rbv‖L∞r ([j,j+1])L∞ω .
∑
|γ|≤2
‖rb−1Y γv‖L2r([j−1,j+2])L2ω .
The factor j−1 on the right comes from the fact that the volume element for R3 is r2drdω.
By Ho¨lder’s inequality, we have that for every 1 ≤ q <∞ and p > 2
(3.5) ‖rbv‖Lqr([j,j+1])L∞ω .
∑
|γ|≤2
‖rb+ 2q− 2pY γv‖Lpr([j−1,j+2])L2ω .
This is just the inequality (3.1) if we set q = 2p(p−1)p−2 and l
p-sum over j ≥ R + 1 using
the Minkowski integral inequality. Estimate (3.3) follows from obvious modifications of
the same argument.
Inequality (3.2) follows from a similar argument. The proof of (3.4) also yields
‖v‖L4r([j,j+1])L4ω . j−
1
2
∑
|γ|≤1
‖Y γv‖L2r([j−1,j+2])L2ω ,
which implies (3.2) after an application of Ho¨lder’s inequality, weighting appropriately,
and l4-summing over j.
3.2. Weighted Strichartz estimates. In this subsection, we prove inhomogeneous
weighted Strichartz estimates near spatial infinity. The exact form of the Kerr met-
ric is not important here; all that matters is that it is a small perturbation of Minkowski.
We shall first prove an estimate for small perturbations of the Minkowski space-time. In
the sequel, we shall then proceed to cutoff the Kerr solution and focus on the exterior of
a ball of sufficiently large radius that we may view the Kerr metric as a small asymptotic
perturbation of the Minkowski metric.
To this end, we set
hφ = (∂
2
t −∆− ∂αhαβ(t, x)∂β)φ,
where the summation convention is employed. We shall assume that
(3.6) hαβ = hβα, |h| ≤ δ〈x〉ρ , |∂h| ≤
δ
〈x〉1+ρ ,
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for some ρ > 0 and δ ≪ 1, where in an abuse of notation we set
|h| =
3∑
α,β=0
|hαβ(t, x)|, |∂h| =
3∑
α,β,γ=0
|∂γhαβ(t, x)|.
Our main estimate near infinity is the following weighted Strichartz estimate, which
is closely akin to those first proved in [27] and [21].
Theorem 3.2. Let p ∈ [2,∞). Suppose w solves
hw = G1 +G2, w(0, ·) = 0 = ∂tw(0, ·),
where h satisfies (3.6) for δ sufficiently small. Additionally, suppose that w vanishes in
a neighborhood of the origin. Then for any δ1 > 0 and 1/2− 1/p < s < 1/2 we have
(3.7) ‖〈r〉 32− 4p−sw‖Lpt,rL2ω . ‖r−
1
2−sG1‖L1t,rL2ω + ‖〈r〉
3
2−s+δ1G2‖L2t,r,ω .
We will prove this by interpolating between the estimates that the following two lem-
mas afford to us. The first is a standard localized energy estimate, while the second result
is a variant of such where we have divided through by a derivative in the spirit of, e.g.,
[58, Lemma 2.3].
To begin, we note that the following localized energy estimate is an immediate corollary
of the methods of [36]. See also [37] and [38].
Lemma 3.3. Suppose that hαβ are smooth and satisfy (3.6) for δ ≪ 1 sufficiently small.
Let G ∈ L1tL2x + l1/2(L2tL2x), and let w solve hw = G on R+ × R3. Then
(3.8) ‖∂w‖
L∞t L
2
x∩l
−1/2
∞ (L2tL
2
x)
+ ‖w‖
l
−3/2
∞ (L2tL
2
x)
. ‖∂w(0, · )‖2 + ‖G‖L1tL2x+l1/21 (L2tL2x).
The other endpoint for our real interpolation shall be:
Lemma 3.4. Suppose that G ∈ l1/21 (L2t H˙−1x ) +L1t H˙−1x and that w solves hw = G with
vanishing initial data. Here h is assumed to satisfy (3.6) for δ ≪ 1 sufficiently small.
Then
(3.9) ‖w‖
l
−1/2
∞ (L2tL
2
x)∩L
∞
t L
2
x
. ‖G‖
l
1/2
1 (L
2
t H˙
−1
x )+L1t H˙
−1
x
.
Proof. Given a function F ∈ l1/21 (L2tL2x) + L1tL2x over a [0, T ] time-strip, let u solve
hu = F with vanishing data on the t = T slice. Applying Lemma 3.3 backward in time,
we obtain
(3.10) ‖u‖
l
−1/2
∞ (L2t H˙
1
x)∩L
∞
t H˙
1
x
. ‖F‖
l
1/2
1 (L
2
tL
2
x)+L
1
tL
2
x
.
We then have
〈w,F 〉 = 〈w,hu〉 = 〈hw, u〉 ≤ ‖hw‖l1/21 (L2t H˙−1x )+L1t H˙−1x ‖u‖l−1/2∞ (L2t H˙1x)∩L∞t H˙1x ,
where the inner product is that from L2t,x([0, T ]× R3). Applying (3.10), we get
〈w,F 〉 . ‖G‖
l
1/2
1 (L
2
t H˙
−1
x )+L1t H˙
−1
x
‖F‖
l
1/2
1 (L
2
tL
2
x)+L
1
tL
2
x
,
which by duality completes the proof.
We can now use real interpolation to complete the proof of Theorem 3.2. We record
the following facts:
THE STRAUSS CONJECTURE ON KERR BLACK HOLE BACKGROUNDS 9
• ([5, Theorem 5.6.1]) [ls0q0 (A), ls1q1 (A)]θ,q = l
(1−θ)s0+θs1
q (A) for any s0 6= s1, 0 <
q0, q1, q ≤ ∞ and θ ∈ (0, 1).
• ([5, Theorem 5.6.2]) [ls0q0 (A0), ls1q1 (A1)]θ,q = l
(1−θ)s0+θs1
q ([A0, A1]θ,q) if 0 < q0, q1, q <
∞ and 1q = (1− θ) 1q0 + θ 1q1 .
• ([56, 1.18.4]) [Lp0(A0), Lp1(A1)]θ,p = Lp([A0, A1]θ,p) where 1p = 1−θp0 + θp1 , 1 ≤
p0, p1 <∞.
• ([5, Theorem 6.4.5]) [H˙s0 , H˙s1 ]θ,2 = H˙(1−θ)s0+θs1 .
We note that the left side of (3.8) controls
‖w‖
l
−1/2
∞ (L2t H˙
1
x)∩l
−3/2
∞ (L2tL
2
x)
+ ‖w‖L∞t H˙1x .
Thus, interpolation between (3.8) and (3.9) yields
(3.11) ‖w‖L∞t H˙s′x + ‖w‖l−1/2−s′2 (L2tL2x) . ‖G1‖L1tH˙s′−1x + ‖G2‖l1/21 (L2tH˙s′−1x )
for any 0 < s′ < 1. (Technically, for i = 1, 2, we are letting wi solve hwi = Gi
with vanishing initial data and doing separate interpolations for each i. We record this,
however, as a single step.) Combining the above with the trace theorem on the sphere,
(3.12) ‖r 32−s′′f‖L∞r L2ω . ‖f‖H˙s′′ , 1/2 < s′′ < 3/2,
we obtain
(3.13) ‖r 32−s′′w‖L∞t,rL2ω . ‖G1‖L1tH˙s′′−1x + ‖G2‖l1/21 (L2t H˙s′′−1x ), 1/2 < s
′′ < 1.
Interpolating between the second term in (3.11) and (3.13) then yields
(3.14) ‖r 32− 4p−sw‖Lpt,rL2ω . ‖G1‖L1tH˙s−1x + ‖G2‖l1/21 (L2t H˙s−1x ),
1
2
− 1
p
< s < 1.
If additionally 1− s > 1/2, then we can apply the dual to (3.12) to obtain
(3.15) ‖r 32− 4p−sw‖Lpt,rL2ω . ‖r−
1
2−sG1‖L1t,rL2ω + ‖G2‖l1/21 (L2t H˙s−1x ),
1
2
− 1
p
< s <
1
2
.
By duality, the Sobolev embedding H˙1−s ⊂ L 62s+1 , and Ho¨lder’s inequality, we have
(3.16) ‖G2‖l1/21 (L2tH˙s−1x ) . ‖〈r〉
3
2−s+δG2‖L2t,r,ω , s ∈ (0, 1/2),
which completes the proof of Theorem 3.2.
4. The Strauss conjecture on Kerr black hole background
We now prove our main theorem, Theorem 1.1. In fact, with more notation in place,
we first state a more precise version of the theorem.
Theorem 4.1. Suppose that the initial data (f, g) ∈ H3 × H2 have compact support.
Then there exists a global solution u in M for the problem (1.1) with p > 1 + √2,
provided that
(4.1) ‖f‖H3 + ‖g‖H2 = ε≪ 1
is small enough. Moreover, there is a large constant R0, depending only on M and a,
such that we have the following property: For any initial data supported in a ball with
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radius R with R ≥ R0 and any δ > 0, there exists a constant C > 0, depending on Fp,
R, δ, M and a, so that we have the following estimate for the solution u,∑
|γ|≤2
(
‖r−αχZγu‖Lqv˜LqrL2ω + ‖〈r〉
−3/2−δ∂γu‖L2v˜L2rL2ω + ‖∂
γ∂u‖L∞v˜ L2rL2ω
)
≤ Cε.
Here, χ(r) is a cutoff function supported when r > R so that χ = 1 when r > R+1, and
α = 4q − 2q−1 with q = p if p ∈ (1 +
√
2, 3) and q ∈ (1 +√2, 3) if p ≥ 3.
In the proof that follows, we shall only focus on p ∈ (1 + √2, 3). This is, in part,
because the cases p > 3 have been handled in previous work. The adjustments to our
proof needed to explore the cases p ≥ 3 are straightforward. Indeed, you simply iterate
in the corresponding spaces for any index q in the (1 +
√
2, 3) range and use Sobolev
embeddings to bound the p− q extra copies of the solution in the nonlinearity.
4.1. Setting. We are interested in solving the equation (1.1)
(4.2) Ku = Fp(u), u|Σ− = f, T˜ u|Σ− = g,
where we assume (1.2). The initial data are taken to have compact support and to be
subject to (4.1). We choose R > 3.5M sufficiently large so that the supports of f and g
are contained within {r ≤ R} and so that (ρ2/r2)K satisfies (3.6) on {r ≥ R}.
We let χ ∈ C∞(R) satisfy 0 ≤ χ(r) ≤ 1, χ(r) ≡ 0 for r ≤ R, and χ(r) ≡ 1 for
r > R + 1. We shall utilize Theorem 3.2 with s = 32 − 2p−1 , which falls in the range
(1/2− 1/p, 1/2) precisely when 1 +√2 < p < 3. For α = 4p − 2p−1 = 2(p−2)p(p−1) , we define
(4.3) ‖φ‖X =
∑
|γ|≤2
(
‖r−αχZγφ‖LpLpL2 + ‖〈r〉−3/2−δ∂γφ‖L2L2L2 + ‖∂γ∂φ‖L∞L2L2
)
,
(4.4) ‖g‖N =
∑
|γ|≤2
(
‖r−αpχpZγg‖L1L1L2 + ‖Zγg‖L1L2L2
)
.
4.2. Main estimate. In this section, we shall combine the weighted Strichartz estimates,
which are known to hold for small perturbations, and the localized energy estimates,
which are known to hold on Kerr provided a≪M , to prove our main estimate. We shall
also incorporate the necessary vector fields and, as such, shall examine the associated
commutators.
Lemma 4.2. Let u be the solution to
(4.5) Ku = G, u|Σ− = f, T˜ u|Σ− = g.
where f , g, G(0, rω), and ∂v˜G(0, rω) are supported in the region {r ≤ R}. Then there
exists a constant R0, such that for R > R0, we have
(4.6) ‖u‖X . ‖f‖H3 + ‖g‖H2 + ‖G‖N .
Proof. We first note that the latter two terms of (4.3) are trivially controlled by the right
side of (4.6) using (2.4).
Next, we record that
[K , ∂]u = O(r−2|∂2u|+ r−3|∂u|)
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and
[K ,Ω]u = O(ar−2|∂2u|+ ar−3|∂u|).
More generally,
(4.7) [K ,Ω
α∂β ]u = O(r−2)
∑
|µ|+|ν|≤|α|+|β|
|µ|≤|α|−1
|Ωµ∂ν∂u|+O(r−3)
∑
|µ|+|ν|≤|α|+|β|
|µ|≤|α|−1
|Ωµ∂νu|.
Thus, we see that if |α| = 1, using (2.4) with n = |β|,
(4.8) ‖∂βχΩαu‖LE . ‖Ωαf‖H|β|+1 + ‖Ωαg‖H|β|
+
∑
|ν|≤|β|
‖∂νΩαG‖L1L2L2 +
∑
|ν|≤|β|
‖∂γ [K , χ]Ωαu‖l1/21 (L2L2L2)
+
∑
|ν|≤|β|
‖∂νχ[K ,Ωα]u‖l1/21 (L2L2L2).
As [K , χ] is compactly supported and the coefficients of Ω are O(1) on the support of
[K , χ], we have ∑
|ν|≤|β|
‖∂γ [K , χ]Ωαu‖l1/21 (L2L2L2) .
∑
|ν|≤|β|+1
‖∂νu‖LE.
Similarly, using the commutator estimate above,∑
|ν|≤|β|
‖∂νχ[K ,Ωα]u‖l1/21 (L2L2L2) .
∑
|ν|≤|β|+1
‖∂νu‖LE.
If we, in turn, apply (2.4) with n = |β|+ 1, it follows that
(4.9)
∑
|α|+|β|≤2
|α|≤1
‖∂βχZαu‖LE . ‖f‖H3 + ‖g‖H2 +
∑
|α|≤2
‖ZαG‖L1L2L2 .
Higher order estimates akin to this have previously appeared in, e.g., [39].
We now turn to bounding the first term in (4.3). We note that
KχZ
γu = χZγG+ [K , χ]Z
γu+ χ[K , Z
γ ]u.
We also note that (ρ2/r2)K satisfies the requirements (3.6) on the support of χ when
R is sufficiently large. The support conditions on f , g, and G guarantee that the Cauchy
data for χZγu vanish. Using that ρ2/r2 is O(1) on the support of χ, it follows from (3.7)
that
(4.10)
∑
|γ|≤2
‖r−αχZγu‖LpLpL2 .
∑
|γ|≤2
‖r−αpχZγG‖L1L1L2
+
∑
|γ|≤2
‖r 32−s+δ[K , χ]Zγu‖L2L2L2 +
∑
|γ|≤2
‖r 32−s+δχ[K , Zγ ]u‖L2L2L2 .
We first note that
‖r−αpχZγG‖L1L1L2 . ‖r−αpχpZγG‖L1L1L2 + ‖ZγG‖L1L2L2
since χ− χp is supported where r ∈ [R,R+ 1]. As the weight in the second term in the
right side of (4.10) is O(1) on the support of [K , χ] and as that support is contained in
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{r ≥ 3.5M}, it follows that the second term on the right is bounded by ∑γ≤2 ‖∂γu‖LE
and can be controlled using (2.4). Similarly, we can choose 0 < δ < s and use (4.7) to
control the last term on the right by∑
|γ|+|µ|≤2
|γ|≤1
‖∂µχZγu‖LE +
∑
|µ|≤2
‖∂µu‖LE,
for which (4.9) and (2.4) provide the desired bound. 
4.3. The Strauss conjecture. We can now prove Theorem 4.1. We solve (4.2) via
iteration. We set u0 ≡ 0 and recursively define uk+1 to be the solution to the linear
equation
(4.11) Kuk+1 = Fp(uk), u|Σ− = f, T˜ u|Σ− = g.
Boundedness: By the smallness condition (4.1) on the data as well as the condition
imposed on their supports, it follows from Lemma 4.2 that there is a universal constant
C1 so that
‖u1‖X ≤ C1ε
and
‖uk+1‖X ≤ C1ε+ C1‖Fp(uk)‖N .
We shall argue inductively to prove that
‖uk+1‖X ≤ 2C1ε.
By the above, it suffices to show
‖Fp(uk)‖N ≤ ε.
By condition (1.2), we have
|ZγFp(uk)| . |uk|p−1|Zγuk|+ |uk|p−2
(∑
|β|≤1
|Zβuk|
)2
for |γ| ≤ 2.
We start with bounding the first term in (4.4). We first note that
∑
|γ|≤2
‖r−αpχpZγFp(uk)‖L1L1L2 . ‖r−αχuk‖p−1LpLpL∞
∑
|γ|≤2
‖r−αχZγuk‖LpLpL2
+ ‖r−αχuk‖p−2LpLpL∞
(∑
|β|≤1
‖r−αχZβuk‖LpLpL4
)2
.
By the H2ω ⊂ L∞ω and H1ω ⊂ L4ω Sobolev embeddings on S2, it follows that the right side
above is O(‖uk‖pX).
We now proceed to the second term in (4.4). We first observe that∑
|γ|≤2
‖up−1k Zγuk‖L1L2L2(r≥R+2) . ‖r
α
p−1uk‖p−1
LpL
2p(p−1)
p−2 L∞(r≥R+2)
∑
|γ|≤2
‖r−αχZγuk‖LpLpL2
THE STRAUSS CONJECTURE ON KERR BLACK HOLE BACKGROUNDS 13
Applying (3.1), it follows that the right side is
.
(∑
|γ|≤2
‖r α−1p−1 χZγuk‖LpLpL2
)p−1 ∑
|γ|≤2
‖r−αχZγuk‖LpLpL2 .
As α−1p−1 ≤ −α for p ≤ 3, it follows that this is also O(‖uk‖pX). Moreover,∑
|γ|≤2
‖up−1k Zγuk‖L1L2L2(r≤R+2)
. ‖uk‖p−2L∞L∞L∞(r≤R+2)‖uk‖L2L∞L∞(r≤R+2)
∑
|γ|≤2
‖∂γuk‖L2L2L2(r≤R+2).
Sobolev embeddings allow us to control this by
(4.12)
(∑
|γ|≤2
‖∂γ∂uk‖L∞L2L2
)p−2(∑
|γ|≤2
‖∂γuk‖L2L2L2(r≤R+3)
)2
,
which is also O(‖uk‖pX).
We similarly examine∥∥∥up−2k
∑
|β|≤1
Zβuk
∥∥∥
L1L2L2(r≥R+2)
. ‖r 1puk‖p−2LpL∞L∞(r≥R+2)
(∑
|β|≤1
‖r− 1p+ 4−p2p Zβuk‖LpL4L4(r≥R+2)
)2
.
Applications of (3.2) and (3.3), it follows that this is bounded by(∑
|γ|≤2
‖r− 1pχZγuk‖LpLpL2
)p
.
As α ≤ 1/p for p ≤ 3, we have that these terms are O(‖uk‖pX). It remains to bound∥∥∥up−2k
∑
|β|≤1
Zβuk
∥∥∥
L1L2L2(r≤R+2)
. ‖uk‖p−2L∞L∞L∞(r≤R+2)
(∑
|β|≤1
‖Zβuk‖L2L4L4(r≤R+2)
)2
.
Using Sobolev embeddings, this is estimated by (4.12), which as noted above isO(‖uk‖pX).
Combining the above, we have
‖Fp(uk)‖N ≤ C‖uk‖pX ≤ C(C1ε)p,
where we have employed the inductive hypothesis. As long as ε is chosen sufficiently
small that CCp1 ε
p−1 ≤ 1, the proof of boundedness is complete.
Convergence of the sequence {uk}: We shall complete the proof by showing that the
sequence {uk} is Cauchy in X . For k ≥ 1, we have
‖uk+1 − uk‖X ≤ C1‖Fp(uk)− Fp(uk−1)‖N .
Mimicking the proof above shows that
‖Fp(uk)− Fp(uk−1)‖N ≤ C(‖uk‖p−1X + ‖uk−1‖p−1X )‖uk − uk−1‖X
≤ 2CCp−11 εp−1‖uk − uk−1‖X .
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For all ε sufficiently small, this implies that
‖uk+1 − uk‖X ≤ 1
2
‖uk − uk−1‖X ,
which suffices to show that the sequence is Cauchy, and hence completes the proof of
Theorem 4.1.
5. The Strauss conjecture on the Schwarzschild background
As pointed out before, the technical assumption of compactly support for the initial
data can be removed in the case of the Schwarzschild background (a = 0) by adapting
the arguments in [50] and [58].
Consider the evolution of the nonlinear waves in the cylindrical region M,
(5.1) Su = Fp(u), u|Σ− = f, T˜ u|Σ− = g .
We have the following theorem, which is analogous to Theorem4.1:
Theorem 5.1. Let p > 1 +
√
2. Then there exists a global solution u in M for the
problem (5.1), provided that the initial data (f, g) satisfy
E[f, g] :=
∑
|γ|≤3
‖Y γf‖H˙s∩L2 +
∑
|γ|≤2
‖Y γg‖H˙s−1∩L2 < ǫ≪ 1
for s = s(p) = 32 − 2q−1 . Moreover, there is a large constant R0, depending only on M ,
such that we have the following property: for any δ > 0, there exists a C > 0, depending
on Fp, R ≥ R0, δ and M , so that we have the following estimate for u:∑
|γ|≤2
(
‖r−αχY γu‖Lqv˜LqrL2ω + ‖〈r〉
−3/2−δ∇γxu‖L2v˜L2rL2ω + ‖∇
γ
x∂u‖L∞v˜ L2rL2ω
)
≤ Cε.
Here q = p if p ∈ (1 +√2, 3) and q ∈ (1 +√2, 3) if p ≥ 3, α = 4q − 2q−1 , and χ(r) is a
cutoff function supported when r > R so that χ = 1 when r > R+ 1.
Remark 5.1. The key fact for us to prove Theorem 5.1 is that we can rewrite the
D’Alembertian as ∂2t + P for a certain self-adjoint time-independent Laplacian P .
As in the Kerr case above, we shall focus only on p ∈ (1 +√2, 3) and will drop the q
notation.
The only important change in the argument is the following version of the weighted
Strichartz estimates, which replaces Theorem 3.2
Proposition 5.2 (Weighted Strichartz estimates for Schwarzschild). Let u solve the
equation Su = G1 + G2 with initial data (f, g) on {v˜ = 0}. Moreover, assume that u
vanishes in the region {r < KM} for some large number K > 0. Then for any p ≥ 2,
1/2− 1/p < s < 1/2 and δ > 0, we have
(5.2)
‖r3/2−4/p−su‖Lpv˜,rL2ω(M) . ‖f‖H˙s + ‖g‖H˙s−1
+‖r−1/2−sG1‖L1v˜,rL2ω + ‖r3/2−s+δG2‖L2v˜,x .
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Let us now prove the Strauss conjecture, Theorem 5.1, based on this Proposition.
We choose R = KM , where K is large enough so that Proposition 5.2 holds. We let
χ ∈ C∞(R) satisfy 0 ≤ χ(r) ≤ 1, χ(r) ≡ 0 for r ≤ R, and χ(r) ≡ 1 for r > R + 1. For
α = 4p − 2p−1 , we define
(5.3) ‖φ‖X =
∑
|γ|≤2
(
‖r−αχY γφ‖LpLpL2 + ‖〈r〉−3/2−δ∇γxφ‖L2L2L2 + ‖∇γx∂φ‖L∞L2L2
)
,
(5.4) ‖g‖N =
∑
|γ|≤2
(
‖r−αpχpY γg‖L1L1L2 + ‖Y γg‖L1L2L2
)
,
where δ > 0 is arbitrarily fixed.
We can now utilize Proposition 5.2 with s = 32 − 2p−1 , which falls in the range (0, 1/2)
precisely when 1 +
√
2 < p < 3, to prove the equivalent of Lemma 4.2:
Lemma 5.3. Let u be the solution to
(5.5) Su = F, u|Σ− = f, ∂v˜u|Σ− = g .
Then we have for 1 +
√
2 < p < 3
(5.6) ‖u‖X . ‖F‖N + E[f, g] .
The proof is similar (but easier) to that of Lemma 4.2 , where one uses (5.2) instead
of (3.7) to bound the commutator term χ[S , Z
γ ]u. With Lemma 5.3 instead of Lemma
4.2, it is easy to see that the proof of the Strauss conjecture, Theorem 5.1, is similar to
that of Theorem 4.1.
5.1. Proof of Proposition 5.2. As in [50], we want to rewrite the equation near infinity
as (∂2t +P )w = F so that P is elliptic and self-adjoint Laplacian with respect to L
2(R3).
Recall that, in the (t, r, ω) coordinates, we have
S = −
(
1− 2M
r
)−1
∂2t + r
−2∂rr
2
(
1− 2M
r
)
∂r + r
−2∆ω = −
(
1− 2M
r
)−1
(∂2t +Q)
where −Q =
(
1− 2Mr
)
r−2∂rr
2
(
1− 2Mr
)
∂r +
(
1− 2Mr
)
r−2∆ω is a self-adjoint operator
with respect to the metric
(
1− 2Mr
)−1
dx. We see that Su = G is equivalent to
(∂2t +Q)u = −
(
1− 2M
r
)
G .
The self-adjoint operator we are seeking is
P =
(
1− 2M
r
)−1/2
Q
(
1− 2M
r
)1/2
In conclusion, the above calculation tells us that
Su = G
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is equivalent to the equation
(5.7) (∂2t + P )w = −
(
1− 2M
r
)1/2
G ,
with w =
(
1− 2Mr
)−1/2
u and P as above,
P = −
(
1− 2M
r
)1/2
r−2∂rr
2
(
1− 2M
r
)
∂r
(
1− 2M
r
)1/2
−
(
1− 2M
r
)
r−2∆ω.
Since u is supported in r ≥ KM (where we have v˜ = t), we can essentially reduce the
problem to the problems studied in [50] and [58]. Since w vanishes for r < KM , we can
easily extend P to a self-adjoint operator P1 on R
3 (e.g.,
(5.8) P1 = −hr−2∂rr2h2∂rh− h2r−2∆ω
where h(r) = (1− ψ˜)
(
1− 2Mr
)1/2
+ ψ˜ and ψ˜ is a radial function vanishing for r > KM
with ψ˜ = 1 for r < KM/2).
In particular, we note that P
1/2
1 ∈ S1hom has symbol
p1 = h
2√p+ 1
r
e
Here
√
p is the symbol of
√−∆ and e ∈ S0hom, e ≡ 0 for r < KM/2.
We will need the following lemma, which asserts that P
1/2
1 behaves like ∇x in the
appropriate function spaces:
Lemma 5.4. The following estimates hold in R3:
(5.9) ‖P 1/21 v‖l−1/2∞ (L2) . ‖∇xv‖l−1/2∞ (L2) + ‖v‖l−3/2∞ (L2)
(5.10) ‖P s/21 u‖L2 ≃ ‖u‖H˙s , s ∈ [−1, 1].
Proof. Let Ke denote the kernel of the operator associated to the error
1
r e. For (5.9) it
is enough to prove that
‖
∫
Ke(x, y)v(y)dy‖l−1/2∞ (L2) . ‖v‖l−3/2∞ (L2)
Fix a dyadic region Ak = {2k−1 ≤ |x| ≤ 2k}. When |y| ≈ 2k, we easily get the bound
(5.11)
‖
∫
2k−2≤|y|≤2k+1
Ke(x, y)v(y)dy‖L2(Ak) . ‖r−1v‖L2(2k−2≤r≤2k+1) . 2k/2‖v‖l−3/2∞ (L2)
When |y − x| ≫ 1, we use the bound
|Ke(x, y)| . |x− y|−n|x+ y|−1, |x± y| ≥ 1
which comes from e ∈ S0hom and the self-adjointess of the operator.
By Ho¨lder’s inequality we get for j > k + 2:
|
∫
2j−1≤|y|≤2j
Ke(x, y)v(y)dy| . |
∫
2j−1≤|y|≤2j
2−4jv(y)dy| . 2−j‖v‖
l
−3/2
∞ (L2)
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Similarly for j < k − 1 we obtain the bound
|
∫
2j−1≤|y|≤2j
Ke(x, y)v(y)dy| . 23j−4k‖v‖l−3/2∞ (L2)
Thus after summation we obtain the pointwise estimate
|
∫
|y−x|≫1
Ke(x, y)v(y)dy| . 2−k‖v‖l−3/2∞ (L2)
from which (5.9) follows immediately, taking also (5.11) into account.
By interpolation and duality, we need only to prove the estimate (5.10) for the special
case where s = 1.
For h(r) = (1− ψ˜)
(
1− 2Mr
)1/2
+ ψ˜, by choosing K large enough , we have
(5.12) 1/2 ≤ h ≤ 2 , |h′| ≤ C/r , |∂rh−1| ≤ C/r .
By the expression of P1 (5.8), it is easy to see that
‖P 1/21 u‖2L2 =
∫
R3
h2
(
|∂rhu|2 + |6∇u|2
)
dx ≃ ‖∇(hu)‖2L2 .
However, the equivalence between ‖∇u‖L2 and ‖∇(hu)‖L2 can be seen by the Hardy
inequality and (5.12).

The proof of Proposition 5.2 is reduced to the following proposition.
Proposition 5.5. Let w solves the equation (∂2t +P1)w = G = G1+G2 with initial data
(w0, w1) on {t = 0}, we have
(5.13)
‖r3/2−4/q−sw‖Lq
t,r≥1
L2ω
≤ C(‖w0‖H˙s + ‖w1‖H˙s−1
+‖r−1/2−sG1‖L1t,rL2ω + ‖〈r〉3/2−s+δG2‖L2t,x),
for any q ≥ 2, 1/2− 1/q < s < 1/2.
Let us give the proof of Proposition 5.2, based on Proposition 5.5.
Proof of Proposition 5.2. Since u vanishes in the region {r < KM}, Su = F with
initial data (u0, u1) is equivalent to
(∂2t + P1)w = G
with w =
(
1− 2Mr
)−1/2
u with initial data (w0, w1) = (
(
1− 2Mr
)−1/2
f,
(
1− 2Mr
)−1/2
g)
and G = −
(
1− 2Mr
)1/2
F . Noting the support property of u, there is a cutoff function φ
with support in {r < KM} and φ = 1 for r < (K − 1)M , such that u = (1− φ)u and so
w =
(
1− 2M
r
)−1/2
(1− φ)u .
Then by the fractional Leibniz rule (see e.g. Lemma 2.7 of [58]), we have
(5.14) ‖w‖H˙s ≤ C
∥∥∥∥∥
(
1− 2M
r
)−1/2
(1− φ)
∥∥∥∥∥
L∞∩W˙ 1,3
‖u‖H˙s ≤ C‖u‖H˙s , s ∈ [−1, 1] .
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Thus, by Proposition 5.5, we get
‖r3/2−4/q−su‖Lqv˜,rL2ω(M) ≤ ‖r
3/2−4/q−sw‖Lq
t,r≥1
L2ω
≤ C(‖w0‖H˙s + ‖w1‖H˙s−1
+‖r−1/2−sG1‖L1t,rL2ω + ‖〈r〉3/2−s+δG2‖L2t,x)
≤ C(‖f‖H˙s + ‖g‖H˙s−1
+‖r−1/2−sF1‖L1t,rL2ω + ‖〈r〉3/2−s+δF2‖L2t,x),
where we have used the inequality (5.14) for w0 and w1. This completes the proof.
Now we turn to the proof of the Proposition 5.5. Let whom be the solution to the
homogeneous problem with initial data (w0, w1). Inequality (2.3) implies in particular
that
(5.15) ‖∇whom‖L∞t L2x∩l−1/2∞ (L2tL2x) + ‖whom‖l−3/2∞ (L2tL2x) . ‖w0‖H˙1 + ‖w1‖L2.
Since ∂t and P1 commute with P
−1/2
1 , we obtain
‖∇P−1/21 whom‖L∞t L2x∩l−1/2∞ (L2tL2x)+‖P
−1/2
1 whom‖l−3/2∞ (L2tL2x) . ‖P
−1/2
1 w0‖H˙1+‖P−1/21 w1‖L2
which after using Lemma 5.4 yields
(5.16) ‖whom‖L∞t L2x∩l−1/2∞ (L2tL2x) . ‖w0‖L2 + ‖w1‖H˙−1 .
The inhomogeneous part w − whom has vanishing initial data, so we can use the
estimates (3.8) and (3.9) to bound it. We thus obtain, using (5.15) and (5.16):
‖∇w‖
L∞t L
2
x∩l
−1/2
∞ (L2tL
2
x)
. ‖w0‖H˙1 + ‖w1‖L2 + ‖G‖L1tL2x+l1/21 (L2tL2x)
‖w‖
L∞t L
2
x∩l
−1/2
∞ (L2tL
2
x)
. ‖w0‖L2 + ‖w1‖H˙−1 + ‖G‖l1/21 (L2t H˙−1x )+L1t H˙−1x
The proof of Proposition 5.5 now follows as in Proposition 3.2 through interpolation and
the use of the trace lemma.
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